Strongly inspired by the research on physics-based dynamic models for surfaces, we propose a new method for precisely evaluating the dynamic parameters (mass, damping and stiffness matrices, and dynamic forces) for Loop surfaces without recursive subdivision regardless of regular or irregular faces. It is shown that the thin-plate-energy of Loop surfaces can be evaluated precisely and efficiently, even though there are extraordinary points in the initial meshes, unlike the previous dynamic Loop surface scheme. Hence, the new method presented for Loop surfaces is much more efficient than the previous schemes. Free-form curves and surfaces are very important and common in CAGD and CAD/CAM. The Non-Uniform Rational B-Spline (NURBS) is a very popular tool, but there are too many parameters in NURBS curves and surfaces. Generally, a surface of arbitrary topology cannot be represented by a single NURBS surface. It is difficult for users to know how to set the knot spacings, how to manipulate the control vertices and how to modify the weights. In addition, NURBS surfaces are defined on a rectangular parametric domain. This has hampered their widespread uses in modeling shapes. On the other hand, a subdivision surface can represent any complex surface of arbitrary topology. Physics-based subdivision surfaces allow users to physically modify shapes of surfaces at desired locations via forces applied. Furthermore, physics-based modeling gives the users an intuitive and natural feeling for geometric modeling with clay dough. Thus, in recent years, attention has been paid to physics-based dynamic subdivision surfaces [I-3l.
I n t r o d u c t i o n
Free-form curves and surfaces are very important and common in CAGD and CAD/CAM. The Non-Uniform Rational B-Spline (NURBS) is a very popular tool, but there are too many parameters in NURBS curves and surfaces. Generally, a surface of arbitrary topology cannot be represented by a single NURBS surface. It is difficult for users to know how to set the knot spacings, how to manipulate the control vertices and how to modify the weights. In addition, NURBS surfaces are defined on a rectangular parametric domain. This has hampered their widespread uses in modeling shapes. On the other hand, a subdivision surface can represent any complex surface of arbitrary topology. Physics-based subdivision surfaces allow users to physically modify shapes of surfaces at desired locations via forces applied. Furthermore, physics-based modeling gives the users an intuitive and natural feeling for geometric modeling with clay dough. Thus, in recent years, attention has been paid to physics-based dynamic subdivision surfaces [I-3l. In 1997, Qin, Mandal and Vemuri introduced the "physical quantity" into dynamic Catmull-Clark surfaces and successfully applied it in visualization of medical dataN. But in case of extraordinary points, the faces that contain an extraordinary point were subdivided recursively to get the mass, damping and stiffness matrices. Hence not only does the number of equations of the numerical integrals increase quickly, but also the result is appro.,dmate. This is because their approach used for computing the thin-plate-energy of Catmull-Clark surfaces diverges sometimes[ ~'41. In 2000, Mandal, Qin and Vemuri[tl gave an approximate solution to the physical matrices of Loop surfaces. They failed to get an exactly analytic solution of the dynamic matrices like mass, damping and stiffness ones, and only got the approximations of such physical matrices by a spring-mass system. Qin, Wang and Li, et al. presented efficient methods for precisely computing the dynamic parameters of physics-based catmull-clark surfaces [3] . In this paper, a new method for physics-based Loop surfaces is presented, where the thin-plate-energy of Loop surfaces is evaluated precisely, and the physical matrices are evaluated exactly and analytically. 9 New edges New edges are formed by connecting each new vertex point to the new edge points corresponding to the old edges incident on the old vertices, and connecting each new edge point to the new edge points of other edges in two faces which share the original edge.
9 New triangles New triangles are defined as faces enclosed by the new edges. In order to make the derivation below as clear and compact as possible we adopt the following notational conventions:
9 All the matrices are denoted by bold capital letters, e.g., M, D, K.
9 The element of the i-th row, j-th column of matrix/VI is denoted by (M)~j.
9 The vectors are denoted by bold lowercase letters, e.g., c. For an irregular patch (with a vertex whose valence is not equal to 6) as shown in Fig.2 . Let K == N § 6 and M = K + 6, where N is the valence of the extraordinary point, K is the number of vertices that define the shaded face. The coordinates of the surface at any parameters (v, w) can be computed by eigenanalysis as foUows [6] :
where A is a diagonal matrix composed of the eigenvalues, V is the eigenvector matrix corresponding to the eigenvalues (see Appendkx C), A is the extended subdivision matrix, Pk (k --1, 2, 3) are 12 x M "picking" matrices, and the transformations tk,~ (k = 1, 2, 3) map f't '~ to the unit triangles (see (2) i=1 C T = ( c l , . . . ,c,~) is a m a t r i x whose elements are the coordinates of the rn vertices. Ri is a k x m "picking" matrices (each row has only one "l" element, the others are 0). Let ](% w, t) be the force imposed at the point (v, w), then the force vector F p can be expressed as follows:
Fp = f / j T fT(v, W, t)dvdw.
In general, the force f (v,w, t) is equal to a constant on a small face subdivided.
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Suppose the triangular faces subdivided are small, such that #,-y, aii and/3ij can be regarded as constants. Combining (2) and (4) yields
where #i is the mass density of the i-th face. Similarly, we can obtain the damping matrix D:
where 3'i is the damping coefficient of the i-th face. By evaluating ff J*Tj*dvdw, one can get the ,/d matrices M and D. Note that, the integral can be calculated on the sub-domains f~, f~. and f~ (see Fig.3 ). Hence we have the following expressions:
Thus, from the above we can deduce that -1.
Similarly, we can obtain the following formulae: Loop surfaces, and this is a novel contribution of this paper.
Solving the Differential Equations
We can use the difference method to solve (3). If At is small enough, then
(2o(t + At) = Co(t + At) -2C0(t) + Co(t-At) Co(t + At) = Co(t + At) --Co(t-At)
At 2 ' 2At Then, the differential equation can be written as
(2M + D a t + 2At2K)Co(t + At) = 2At2Fv(t + At) + (DAt -2M)Co(t -At) + 4MCo(t).
The above linear system of equations can be solved quickly by the LU decomposition of the coefficient matrix.
Since Fp is timely-varying, Fp should be re-evaluated at each iteration step.
Application E x a m p l e s
There are two examples dynamically generated by the presented method as follws: 
Voi.17
Example 1. Fig.4 shows a vase. The initial control vertices, the Loop surface and 6 initial forces on the boundary of the surface are shown in Fig.4(a) ; the deformed shapes are shown in Fig.4(b) and (c), respectively. Example 2. Fig.5 shows a "kettle" generated dynamicMly. Fig.5(a) shows the initial shape, control vertices and 1 force on the extraordinary point whose valence is 5; Fig.5(b) and (c) show the deformed surfaces after 0.5 and 1.0 seconds, respectively.
C o m p u t a t i o n a l C o m p l e x i t y
First, let us recall the previous physics-based Loop surfaces [11 proposed by Mandal, Qin and Vemuri. They used 4 j triangular faces obtained after j subdivision steps to approximate the smooth patch in the limit surface corresponding to a face in the initial mesh. In their method, the mass matrix M is calculated using the following formula (the same way for calculating D, K and fp): vision level j, all the matrices (M, D, K and fp) must be calculated and their 2-neighbourhoods. again in the next subdivision step, and the results are approximative. At level j of the subdivision, the number of vertices of the 4 j faces k -aJ+l-1 2 + 2. Suppose that there are m triangular faces in the initial mesh, then the computational complexity of M is O(rn3J), increasing exponentially. However, the complexity o f the method proposed in the paper for calculating M is O(rn), depending only on the number of faces in the initial mesh. In addition, all the matrices (M, D, K and fp) can be calculated exactly and saved in advance. So the computational complexity of the new method is a constant, much better than the previous method.
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C o n c l u s i o n s a n d F u t u r e W o r k
In this paper, based on the dynamic model, we can obtain the precise solution of physics-based Loop surfaces. We have proposed a unified method to evaluate the physical parameters of the dynamic model regardless of a regular or an irregular face. The matrices M , D, K and Fp can be obtained in much less time than the previous schemes, because they can be cMculated using the analytic formulae in our method without recursive subdivision and numerical integrals [1] . So our method is much more efficient. The thin-plate-energy of Loop surfaces can be evaluated precisely and analytically, even though there are extraordinary points in the control meshes.
The method proposed can be used easily for modeling any complex shapes of surfaces of arbitrary topology, and the shapes can be modified conveniently. It is easy to be implemented. It can also be used in medical visuMization, which is our future work. [EEE Computer Society Press, Hong Kong, 2001, pp.117-124 . 
6)
1 0 , 10 6 P~ (k = 1,2,3) is a 12 x M "picking" matrix, where there is only one "1" in each line of Pk, and other elements equal 0. Pk (k = 1, 2, 3) are defined by introducing the following 3 vectors: ql = (3, 1, N +4, 2, N + 1, N + 9, N + 3, N + 2, N + 5, N +8, N + 7, N + 10), q2 = (N + IO, N + 7, N + 5, N + 2, N + 3, N +6, N + 1, 2, N +4, N, 1, 3), qa = (1, N, 2, N + 1, N + 6, N + 3, N + 2, N + 5, N + 12, N+ 7, N + 10, N+ 11) .
If the i-th element of qk equals j, then (Pk)ia = 1 and other elements of the i-th row of P~ all equal 0. 
